Abstract-In traditional over-the-horizon radar (OTHR), multipath propagation due to the multilayer ionospheric structure always deteriorates the detection performance. The properties of multipleinput multiple-output (MIMO) radar technique, which transmits wide beams with low gain at the transmitter and achieves receiver beam-forming to obtain narrow beams with high gain, make it an ideal choice for OTHR to detect target through multi-layer ionosphere and suppress strong clutter. This paper investigates the assumption of a two-layer ionospheric model and proposes a two-step MaxMin algorithm based on the mutual information theory to optimize MIMO-OTHR waveform so as to suppress clutter, interference and noise. The first step is to maximize the mutual information between the echo and target response from the same direction of arrival (DOA) in order to reduce the impact of noise. The second step is to minimize the mutual information between the echoes from different DOAs, in order to suppress the clutter and interference by reducing the correlation of the echoes from the different DOAs. Numerical experiments validate that this algorithm can improve range resolution and detection probability significantly. Experiment results also demonstrate that the previously harmful multipath propagation can be utilized to enhance the detection performance in MIMO-OTHR.
INTRODUCTION
Skywave over-the-horizon radar (OTHR) can probe remote targets from the distance of 1000-3000 km by utilizing the ionospheric reflection of electromagnetic waves during the 3-30 MHz frequency band, which thus provides the capabilities of early-warning and strong anti-stealth characteristics [1, 2] . However, due to the irregularity of ionospheric electron density, the received echoes have random disturbances and suffer from clutter Doppler spectrum broadening [3] . Furthermore, the clutters from ionosphere and sea surface are usually stronger than target response, and thus cause significant detection performance degradation, especially to slow targets which have similar Doppler frequencies with Bragg peaks of sea clutters. Therefore, some existing solutions require radar receiver to coherently accumulate echoes for a long time (more than 30 seconds), but they are particularly vulnerable to random variations of ionosphere [4] . In order to deal with these practical restrictions, traditional OTHR needs to be carefully improved by innovative techniques for meeting the demands on detection requirements.
In recent years, researchers have investigated the idea of applying multiple-input multiple-output (MIMO) radar technique for its potential applications in OTHR [5] [6] [7] . The principle of MIMO-OTHR is to apply transmitting and receiving diversity techniques to improve OTHR's anti-jamming capability and detection performance. Because of large distance between two contiguous antennas and big number of propagation paths between transmitter and receiver, some researchers have applied the minimum variance distortion less response (MVDR) beam-former to both transmitter and receiver [8, 9] . But these techniques are based on single layer ionospheric model and unable to exploit the advantages of MIMO radar technique, because their signal-to-noise ratios (SNR) are always lower than traditional phased array radar under the same configuration, thus the latter can always have better performance for a single detection direction. Although the disadvantage of MIMO radar can be overcome by coherent accumulation, as mentioned above, the long coherent accumulation time could cause other problems [10] . In a sky-wave system, the distinctive advantage to apply MIMO radar technique is that its antenna elements can incorporate beam-forming scheme for getting narrow beams with high gain simultaneously at the receiver, while phased array radars cannot perform similar processing because of its intrinsic limitation.
A mode-selective MIMO-OTHR, based on the two-layer ionospheric model, is proposed in [11, 12] . Through MVDR beam-forming and range-Doppler processing, the desired mode of the four transmission modes formed by these two layers can be selected to improve detection performance. The two-layer model is closer to real world ionospheric characteristics because the ionosphere has a layer based structure. But these systems only focus on one-way measurement from transmitter to target, and neglect the propagation effect from target to receiver. Moreover, the strong clutter from ionosphere and sea surface is not considered and the echoes from the other three modes because of the potential two propagations and reflection paths are not effectively processed or utilized in these literatures.
Since ionospheric interference, sea clutter and other sources of strong interference are time varying, a waveform optimization algorithm should be proposed to adaptively process the received echoes under the multipath propagation circumstance, in order to suppress clutter, interference and channel noise. In this paper, based on the two-layer ionospheric model proposed in [13] and mutual information theory studied in [14] and mutual information theory studied in [15, 16] , we propose a two-step waveform optimization algorithm: Max-Min optimization algorithm. The first step is to maximize the mutual information between the echo and target response from the same direction of arrival (DOA) in order to reduce the impact of noise. The second step is to minimize the mutual information between the echoes from different DOAs, in order to suppress the clutter and interference by reducing the correlation of the echoes from the different DOAs. The application of these two optimization steps can improve the target range resolution and detection probability, as confirmed by experiments.
The rest of this paper is organized as follows. In Section 2, the two-layer ionospheric model is described and the mathematical expressions of MIMO-OTHR signals are derived. The proposed algorithm is studied in Section 3, where Max-Min waveform optimization process is investigated. In Section 4, the effectiveness of the proposed algorithm is validated through some numerical simulations. Conclusions are drawn in the final section.
SIGNAL MODEL
Consider a MIMO linear array radar with M transmitting elements and N receiving elements. In order to simplify the derivation, we assume that the transmitter and receiver are co-located with the same number of elements, i.e., M = N . Let X = [x 1 , x 2 , . . . , x M ] be the group of M orthogonal signals to be transmitted, X i ∈ C K×1 , i = 1, . . . , M, K be the number of transmitted signal samples. C indicates the complex number domain. The two-layer ionospheric model is composed of E layer and F layer [14] , and the target is a far-field point target. According to Fig. 1 , there are four modes of multipath propagation, i.e., E-E, E-F, F-E, F-F (e.g., E-F mode means that the probing signal is reflected by the E-layer, target and F-layer consecutively before reaching the receiver). 
T [12] . For DOA α and β, we have two receiving steering vectors as ν (α) =
T , and ν = ν (α) + ν (β). For each y α i , it consists of two components: the first one denotes the signal reflected by the E-layer before reaching the target and can be expressed as
where
is the E-layer reflecting response factor of the probing signal transmitted by the ith transmitting element before reaching the target, φ 1E i the channel response factor of the probing signal transmitted by the ith transmitting element before reaching the target, τ 1E i the time delay of the probing signal transmitted by the ith transmitting element before reaching the target,
N T the channel noise matrix before reaching the target. S 1 is then backscattered by the target as follows,
where ε i is the backscattering coefficient of sea clutter. After being reflected by the F-layer and received by the jth receiving element, j = 1, 2, . . . , N, we can obtain
where δ 2F i is the F-layer reflecting response factor of the probing signal transmitted by the ith transmitting element after being scattered by the target, φ 2F i the channel response factor of the probing signal transmitted by the ith transmitting element after being scattered by the target, τ 2F i the time delay of the probing signal transmitted by the ith transmitting element after being scattered by the target,
N T the channel noise matrix after being scattered by the target.
Notice that S 3 only contributes one component for the echo
i , we can get
Similarly, we can obtain the other component of the echo which is reflected by the F-layer, target, then F-layer at the jth receiving element,
The initial transmitted waveform is the linear frequency modulation continuous wave (LFMCW) which is usually utilized by traditional OTHRs, τ
) and
can be approximated by e −j2πf 0 τ comp1 i x i (t) and e −j2πf 0 τ comp2 i x i (t) respectively. f 0 is the carrier frequency and q the frequency modulation slope. The detailed derivation is given in Appendix A.
The total received echo at the jth receiving element can be expressed as
Let
, we get
Since all the derivation above is for the echo coming from the DOA α, Eq. (7) can be rewritten as
. . , N) represents the target response between the ith transmitting element and jth receiving element if the DOA is α.
In a similar way, the echo from the DOA β can be expressed as
. . , N) represents the target response between the ith transmitting element and jth receiving element if the DOA is β.
Since the ionosphere changes all the time, its movement and instability can cause the echo's Doppler spectrum to shift and become more broad. Furthermore, when the OTHR probes a target on the sea, the impact of sea clutter can't be significant. Therefore, we improve the model under investigation by adding the following features:
(1) The backscattering coefficient of sea clutter ε i is generated by the high frequency (HF) Watterson model [17] .
(2) Focus on slow moving target on the sea, and the product of the reflecting response factor δ i and channel response factor φ i is generated by the K-distribution model [18] .
(3) H α , H β , Θ α , Θ β are the product of several random variables. According to the central limit theorem, when the samples are sufficient, H α , H β , Θ α , Θ β follow the multivariate normal distributions with assumed zero means. Then we can easily find that Eqs. (9) and (10) are Gaussian distributed with zero means and covariance matrices XR Hα X H +R Θα , XR H β X H +R Θ β .
Based on Eqs. (9) and (10), the following terms will be used in the next section:
TWO-STEP WAVEFORM OPTIMIZATION ALGORITHM
This section introduces the two-step waveform optimization algorithm. The detection performance of MIMO-OTHR depends on the echo's Doppler frequency and received signal-to-clutter ratio (SCR) but does not depend on specific waveforms. When considering the orthogonality of the transmitted waveforms and the influence of ionosphere to echoes, it is important to design optimized waveforms that are suitable for the multi-layer ionospheric propagation circumstance, which should also be able to reduce the impact of clutter, interference and noise. Based on the groundwork from [15, 16, 19, 20] , which applied mutual information theory to design of MIMO radar waveform in order to improve target detection performance, we propose a novel two-step waveform optimization algorithm (named Max-Min algorithm) for MIMO-OTHR.
The first step of the algorithm is to maximize the mutual information between the echo (Y α or Y β ) and target response matrix (H α or H β ) at the same DOA (α or β), in order to degrade the impact of noise (Θ α or Θ β ). The second step is to minimize the mutual information between Y α and Y β , so as to make sure that the echoes from different DOAs are uncorrelated and can suppress the strong clutter and interference by utilizing multi-path echoes. We introduce a feedback loop to enhance the algorithm, which adjusts the waveforms of the transmitter based on the receiver information, for time varying environment.
Step 1: Maximize Mutual Information Between the Echo and Target Response Matrix at the Same DOA
According to the classical definition of mutual information [15] , we get
where I(Y α ; H α |X) is the mutual information between Y α and H α given X, and I(Y β ; H β |X) is the mutual information between Y β and H β given X. h (Θ α ) and h (Θ β ) are the entropies of the noise matrices Θ α and Θ β respectively. From Eqs. (9) and (10), Y α and Y β are the assembles of multi-dimensional random variables. According to the central limit theorem, Y α and Y β follow the multivariate normal distribution. So we get
where p (Y α |X) and p (Y β |X) are the conditional probability density functions (PDF) of Y α and Y β given X. tr (·) is the trace of a matrix and det (·) the determinant of a matrix. The entropies of the received echoes Y α and Y β are expressed as
In a similar way, we obtain the entropies of the noise matrices Θ α and Θ β as
Using (24)-(27) to solve (20) and (21), we have
Maximizing I(Y α ; H α |X) in Eq. (28) or I(Y β ; H β |X) in Eq. (29) under the condition of the same total transmission power budget P 0 yields a set of optimal waveforms ensembles S x .
Step 2: Minimize Mutual Information between the Echoes from Different DOAs
Refer to [20] , the joint entropy of (Y α , Y β ) can be derived as
where I M ×M is the identity matrix with dimension 
According to Eqs. (24), (25) and (30), the mutual information between Y α and Y β can be derived as
We can thus minimize Eq. (32) with the constraint of total overall transmission power P 0 to find the optimal waveform X from the set of optimal waveform ensembles S x .
Algorithm Implementation
By employing the MVDR adaptive beam-former for transmitting and receiving and based on the array signal processing theory, the proposed Max-Min algorithm is summarized as follows: Taking Eq. (28) as an example, we have
For Eq. (29), similarly,
The choice of Eq. (33) or (34) depends on the practical scenario: if the SCR is low, maximize (34) as the E-layer is more stable than F-layer; otherwise, Eq. (33) will be selected.
(3) Minimize Eq. (32) under the constraint of total transmission power P 0 to find the optimal waveform X from S x . This step is simplified as
where R Hα , R H β , R Θα and R Θ β can be obtained by using Eqs. (14), (15), (17), (18) . At the initial time t = 0, R Hα|t=0 , R H β |t=0 , R Θα|t=0 and R Θ β |t=0 can be obtained by ionosphere detection devices.
(4) At the time t + 1, transmit the optimal waveform X obtained at the time t.
(5) Repeat step (1)- (4) iteratively.
SIMULATION RESULTS
In this section, numerical experiments are conducted to evaluate performance of the waveforms obtained by the proposed algorithm. We choose the E-layer and F-layer with height of 100 km and 220 km respectively. Each propagation channel is generated following the Watterson model [17] , and the clutter model is based on K-distribution [18] with the shape parameter ν = 1. The initial waveform of each antenna element is LFMCW. We set the repetition time as 0.25 s, the bandwidth as 20 kHz and the carrier frequency as 3 MHz. A point target on the sea surface is set to be about 1000 km away from the radar, with a velocity of 15 m/s. The co-located receiving and transmitting antenna array have the same number of elements, i.e., M = N , and are arranged as minimum redundancy linear array. The reason to choose the minimum redundancy linear array scheme is that its main lobe is narrower than the uniform linear array schemes with the same number of elements. Such narrow main lobe is particularly effective for MIMO-OTHR to distinguish and identify the multipath echoes that come at very similar angles. The clutter-to-noise ratio (CNR) and received signal-to-clutter ratio (SCR) are calculated by CNR (dB) =10 log 10
and SCR (dB) =10 log 10
, where P signal is the received signal power, P clutter the ionosphere and sea clutter power, and P noise the noise power. The first experiment investigates the range-Doppler improvement with different SCR condition when the clutter is strong (CNR = 20 dB), and the results are shown in Fig. 2 and Fig. 3 . The 12 array elements are arranged as minimum redundancy linear array with unit spacing {1, 2, 3, 7, 7, 7, 7, 7, 4, 4, 1}, spanning 50 units where a unit is half a wavelength [21] .
Figures 2(a)-2(d) are the range-Doppler maps of the echoes with different time length (denoted by the number of iterations), with other parameters M = 12, CNR = 20 dB, SCR = 10 dB. The vertical-axis represents the total transmission range from transmitter to receiver (two-way range), the horizontalaxis represents the Doppler frequency and the colorbar represents normalized intensity (dB) of the echo strength. Without proper processing, echoes of E-F and F-E modes overlap on the range-Doppler map because they have the same transmission range and similar channel response. In Fig. 2(a) , only the echo of E-E mode is clearly shown on the map at the initial time. In Figs. 2(b)-2(d) , as the algorithm iterations increases, echoes of E-F and F-E modes gradually appear on the range-Doppler map, but the signal of F-F mode is still overwhelmed by clutter and noise. Figures 3(a)-3(d) are the range-Doppler maps when M = 12, CNR = 20 dB, and SCR = 15 dB. Fig. 3(a) shows a point target in E-E mode clearly with a resolution of 30 km due to target movement, Doppler shift and broadening, as mentioned in Section 2. But the echoes of E-F and F-E modes overlap on this map, and the echo of F-F mode submerges in clutter and noise. In Figs. 3(b)-3(d) , as the algorithm iterations increases, the echo of F-F mode gradually appears on the map. Because this mode is not interfered by other propagations, it can better exhibit the target characteristics and has superior detection performance. Furthermore, the target location is more precise and the range resolution has been improved based on the geometric model shown in Fig. 1 given the ionospheric heights. The next group of experiments investigate the range resolution performance of the proposed algorithm and the condition of different CNRs. Fig. 4 and Fig. 5 show the results. Figure 4 gives the range resolution curve when M = 12, CNR = 20 dB, and SCR = 15 dB. The vertical-axis represents the range resolutions (km) and the horizontal-axis represents the number of iterations. The range resolution is about 30 km before the application of the Max-Min algorithm. The Maximization step (Step 1) does not result significant range resolution improvements, because this step only focuses on noise suppression, and CNR = 20 dB means that the ionosphere and sea clutter are much stronger than noise. Under this condition, the application of the Minimization algorithm may provide more benefits (about 9 km improvement of range resolution after 60 iterations) since it focuses on minimizing correlation of the echoes from different DOAs and suppressing clutter and interference by utilizing two different propagation echoes. Figure 4 confirms the analysis because the curve of Min optimization ideally matches the curve of Max-Min optimization. In order to provide more insight on the effect of clutter, we change the value of CNR to 0 dB and show the results in Fig. 5 , leaving M = 12 and SCR = 15 dB unchanged. Fig. 5 reveals that, when clutter power is equal to noise power, the application of Min optimization can still yield better performance (about 8 km improvement after 60 iterations) than the Max optimization (about 2 km improvement after 60 iterations). Overall, the joint optimization of the proposed Max- Min algorithm has the best performance and achieves a 9 km improvement of range resolution after 60 iterations.
The last experiment investigates the relationship between detection probability and SCR under the conditions of different number of elements and CNRs, and compares the results obtained before and after the Max-Min optimization. The unit spacing of 8 array elements using the minimum redundancy linear array scheme is set to {1, 1, 9, 4, 3, 3, 2} and the unit spacing of 4 array elements is set to {1, 3, 2}.
The false alarm probability is set to 10 −4 . Fig. 6 compares the performance of 6 groups of experiment results (a1, a2; b1, b2; c1, c2; d1, d2; e1, e2; f1, f2), each denoting a different set of the number of antennas and CNRs condition. We can have the following observations from Fig. 6 : (1) Detection probability is significantly improved after the application of the proposed algorithm when SCR is constant. (2) Detection probability of the proposed algorithm increases when the number of antennas grows, if other conditions are constant. (3) Detection probability of the proposed algorithm increases when CNR rises, if other conditions are constant. Practical OTHR may receive much stronger clutter and interference than noise, i.e., CNR can be as high as 20-40 dB (or 40-60 dB if Bragg scatter and transient interference are included). The proposed Max-Min optimization algorithm is directly targeting this over-the-horizon circumstance, and is thus particularly useful in OTHRs.
Another interesting scenario is obtained when M = 1 and CNR = 0 dB, which means that there is only one antenna element and thus a single-input and single-output (SISO) system is under investigation. As shown in Fig. 6 , its performance is obviously worse than MIMO-OTHR.
CONCLUSION
This paper considers a multi-layer ionospheric model for OTHR radars and suggests the application of MIMO radar technique to enhance the detection performance of such type of radars. A two-step waveform optimization algorithm called Max-Min algorithm is proposed, where the first step is to maximize the mutual information between the echo and transmission response from the same DOA, and the second step is to minimize the mutual information between echoes from different DOAs. Simulation results verify that the proposed algorithm can improve the performance of MIMO-OTHR in terms of the detection probability and range-Doppler resolution. Simulation results further indicate that when CNR approaches −∞, the performance of MIMO-OTHRs becomes similar to horizon MIMO radars, since the Max algorithm (Step 1) plays a major role in waveform optimization; when CNR increases, the Min algorithm (Step 2) contributes more in the waveform optimization. However, the two-layer ionospheric model is still a very simplified representation of the real world. More accurate models can better characterize the ionosphere.
APPENDIX A. TIME DELAY APPROXIMATION OF LFMCW
The initial LFMCW of ith transmitting element can be expressed as 
In a similar way, we can obtain
